We derive expressions for pion photoproduction amplitudes in the 1/N c expansion of QCD, and obtain linear relations directly from this expansion that relate electromagnetic multipole amplitudes at all energies. The leading-order relations in 1/N c compare favorably with available data, while the next-to-leading order relations seem to provide only a small improvement. However, when resonance parameters are compared directly, the agreement at O(1/N c ) or O(1/N 2 c ) is impressive.
The approach for deriving πN scattering relations can be applied to other processes, including single-nucleon Compton scattering, electron scattering, pion electroproduction (γ * N → πN) and photoproduction (γN → πN). In this paper we focus on pion photoproduction, for which the relevant experimentally accessible quantities are the electromagnetic multipole amplitudes M L± and E L± . We present relations among these multipole amplitudes that hold to leading order (LO) and next-to-leading order (NLO) in 1/N c [6] .
Relations among pion photoproduction amplitudes are not new. They can be derived using models in which baryons are considered as chiral solitons, such as the Skyrme model [7, 8] ; the group-theoretical aspects of these models find justification in large N c QCD, as discussed in Refs. [9, 10] . However, the calculations in Refs. [7, 8] do not employ large N c QCD as a constraint; the relations obtained there represent a conglomerate of terms appearing at different orders in 1/N c , as discussed in Sec. II. Consequently, the relations in Refs. [7, 8] are not results of the 1/N c expansion.
In this paper, we derive a model-independent expansion for electromagnetic multipole amplitudes in terms of model-dependent functions whose coefficients are fixed by group theory. As shown in Sec. III, these model-dependent functions can be algebraically eliminated to yield seven model-independent linear relations. These are compared with experimental data in Sec. IV. We summarize in Sec. V.
We begin by considering general processes of the form Φ 1 +B 1 → Φ 2 +B 2 , where B 1 and B 2 are incoming and outgoing nonstrange baryons, and Φ 1 and Φ 2 are incoming and outgoing nonstrange mesons, respectively. It is also possible to generalize to scattering processes in which each pair B 1 and B 2 , and Φ 1 and Φ 2 , have a fixed nonzero strangeness [11] . Amplitude relations for these processes were first noted in the context of chiral soliton models [12] , then as model-independent group-theoretical results derived from a solitonic picture related to the large N c limit in Refs. [13, 14] , and finally as true model-independent results of the 1/N c expansion in Ref. [5] . The derivation of the multipole amplitudes for pion photoproduction is similar to those of Refs. [5, 14] , except that Φ 1 now represents a photon rather than a meson (or technically, a meson interpolating field with the quantum numbers of a photon).
Although photons are spin 1, one precombines the photon spin with its orbital angular momentum relative to the nucleon target to give the usual multipole angular momentum [15] in scattering processes involving radiation. With this in mind, one begins with the master expression for meson-baryon partial-wave amplitudes from Refs. [5, 14] :
where the reduced amplitude τ is a model-dependent function that depends only on energy and the quantum numbers {K,
Its explicit form can be found only after a particular model of nucleon dynamics, such as the Skyrme model, is specified. The notation
[X] is shorthand for 2X +1, the dimension of the spin-X SU(2) representation.
The quantum numbers specified in Eq. (1.1) include the initial (final) spin=isospin of the nucleon R i (R f ), which combines vectorially with the initial (final) meson spin s i (s f ) to give the total intrinsic spin of the system S i (S f ). These in turn combine with the initial (final)
meson-baryon relative orbital angular momenta L i (L f ) to give the total angular momentum J. The initial (final) meson isospin i i (i f ) combines with the nucleon isospin to give the total isospin I. The effect of constraints from the 1/N c expansion is that the grand spin K ≡ I+J and the hybrid quantitiesK i ≡ i i +L i andK f ≡ i f +L f provide good quantum numbers K,
The sums in Eq. (1.1) then run over all values consistent with the 9j symbols, meaning that the entries in each row and column satisfy a triangle rule.
In using Eq. (1.1) to describe the process γN → πN, the precombination of photon intrinsic spin with orbital angular momentum relative to the nucleon target into a multipole field of order ℓ is represented by a simple mathematical expedient: One sets s i = 0 and L i = ℓ in the first 9j symbol. Since ℓ represents the total of both sources of angular momentum for the photon, the intrinsic spin of the photon may effectively be set to zero. As a side note, the same trick would work for pion electroproduction, where the photon is virtual and can also couple through its spin-0 piece.
One important complication must be dealt with before applying Eq. (1.1) to photoproduction processes: The photon has both isoscalar and isovector pieces. In large N c QCD, the leading isovector coupling of a photon to a ground-state nucleon enters through the combined spin-flavor operator
where σ and τ are Pauli matrices in spin and isospin spaces, respectively. α sums over the N c quark fields q α in the nucleon, but it should be noted that this operator does not require a quark model to be well defined; in the field-theoretic context, q simply stands for an interpolating field with the quantum numbers of a current quark, whose effect summed over α completely exhausts the full nucleon wave function [16] . In the same language, the (spin-dependent) isoscalar coupling enters via the operator
The two operators differ in that the matrix elements of the former are O(N , as is done in this paper, then the relative suppression of isoscalar to isovector amplitudes is 1/N c . On the other hand, if one takes the point of view as in Ref. [17] , where q u = (N c + 1)/(2N c ) and q d = (1 −N c )/(2N c ), then the isoscalar to isovector ratio becomes 1/N 2 c (See Ref. [18] for a fuller discussion of this point). Equation (1.1) does not manifest this effect. Because the anomalous current coupling is suppressed in large N c due to the difference in the origin of the isoscalar and isovector pieces, this feature does not arise in the meson scattering derivation of Refs. [5, 14] . It must be put in by hand by adding to the leading isovector (i i = 1) terms additional isoscalar (i i = 0) terms suppressed by an explicit factor 1/N c . This is purely a feature of isospin breaking in the electromagnetic interaction: Both isoscalar and isovector couplings couple to the photon spin. However, a true spinless isoscalar meson (viz., the η), can couple through the operator
whose nucleon matrix elements are O(N 1 c ), and therefore couples just as strongly to nucleons as do pions through the isovector coupling Eq. (1.2).
II. DERIVATION
The derivation of the expression for pion photoproduction multipole amplitudes begins
, i i ≡ i γ ∈ {0, 1} (both of which are of course added to give the full physical amplitude), and i f = 1 into Eq. (1.1):
From Eq. (2.1) one obtains the form of the multipole amplitudes by including the isospin Clebsch-Gordan coefficients specifying the initial and final nucleon charge states. Using ν for the pion isospin third component and m I for that of the incoming nucleon, the multipole amplitude for a specific charge channel is
(2.
2)
The index λ indicates the type of multipole, and is determined by the relative parity of ℓ and L: (ℓ−L) odd gives electric (e) multipoles, (ℓ−L) even gives magnetic (m) multipoles.
This expansion is most useful when written in terms of t-channel exchange amplitudes, since large N c QCD restricts their form as discussed in Refs. [1, 19] : The leading amplitudes in 1/N c have I t = J t [14] , and the amplitudes with |I t −J t | = n are suppressed by a relative factor 1/N n c . Following Ref.
[1], we compute the t-channel amplitudes for the separate cases where i γ = 1 and i γ = 0. Using the Biedenharn-Elliot sum rule [20] , one can rewrite the product of 6j symbols in Eq. (2.2) as 
Note that the [6j] and the usual 6j symbols share the same triangle rules.
The full t-channel multipole amplitude can now be written in terms of [6j] symbols, using
Eqs. (2.2) and (2.3) with i f = 1 ([1] → 3) for the pion. It is convenient to define t-channel amplitudes by
Then, for the isovector case (i γ = 1),
In the isoscalar case (i γ = 0), the first 6j symbol and the second Clebsch-Gordan coefficient in Eq. (2.2) collapse to simple factors times Kronecker δ's. Including the explicit 1/N c suppression described above, one has
Equations (2.6) and (2.7) are analogous to expressions obtained earlier by Eckart and
Schwesinger [7] , if one identifies τ KℓL (i γ = 1) and τ KℓL (i γ = 0) with their dynamical func- The LO terms all have |I t − J t | = 0 [14] , while all linearly independent NLO terms have 19] . Generalizing Eq. (2.6) in this way gives
Note that J in Eq. (2.6), and x and y in Eq. (2.8), are dummy labels for I t in each corresponding sum. The total multipole amplitude expansion, including all LO terms and good to consistent order in 1/N c , is the sum of Eqs. (2.6), (2.7), and (2.8):
Some general comments apply to Eq. (2.9). First, the NLO amplitude contains only two sums since |I t −J t | = 1 is satisfied only by I t = J t ±1. The sum over J is constrained to 0 and 1, due to the triangle rule ∆( 
(2.10)
III. LINEAR RELATIONS
Charge conservation limits the number of pion photoproduction channels to four: γp → π + n, γn → π − p, γp → π 0 p, γn → π 0 n. However, due to isospin invariance of the strong interaction, only three of these are independent. Since the species in γn → π 0 n are neutral, this reaction is difficult to study experimentally and we use isospin freedom to eliminate its amplitudes (separately for total I = 1 2 and 3 2 channels) [21] . The remaining three charged channels can occur via an electric or magnetic transition. In the magnetic case, the photon and pion have the same orbital angular momentum (ℓ = L), whereas in the electric case, there is a change of one unit (ℓ = L ± 1). Given these restrictions, the set of multipole amplitudes describing these cases can be written in terms of a still smaller set of reduced amplitudes. Thus one expects linear relations among the physically measurable amplitudes.
Linear relations can be derived at both LO and NLO in 1/N c . In order to find the LO relations, we work with only the LO pieces in Eq. (2.10) (i.e., disregard the 1/N c -suppressed terms). To find the relations that hold to NLO, we use the complete expression. The electric and magnetic transitions have distinct expansions and are investigated independently.
Let us begin with the expansion of the electric multipole amplitudes. Six physical amplitudes correspond to the two ways, J = L± 1,L±1,L ), implying four relations. Two of these are:
where the last subscript in each amplitude is no longer J, but represents the equivalent information of the sign in J = L± 1 2
. These relations follow simply from isospin symmetry of isovector amplitudes, since the isoscalar component of the photon current is absent at LO.
The other two LO relations imply the vanishing of the electric multipole amplitudes for γp → π 0 p at leading order in 1/N c :
After extrapolating to the real world of N c = 3, one expects these amplitudes to be about a factor N c = 3 smaller (on average) than those of the charge-exchange reactions.
Once the NLO terms in Eq. 
As before, two of these follow from isospin symmetry among the isovector amplitudes. The NLO terms bring in only three more reduced amplitudes (τ
1LL , and τ t m 0 1LL ), meaning that one relation remains at this order. Indeed, one might have anticipated fewer amplitudes in the magnetic rather than the electric transition since, in the former case, only ℓ = L is allowed. The NLO relation is
A casual glance shows this to be a linear combination of the LO relations in Eq. (3.5); it is the unique combination for which the NLO corrections (in brackets) cancel as well. One expects this relation to hold empirically a factor of N c = 3 better than its LO counterpart. program [23] at Universität Mainz. Although one requires only a single data set, it is useful to check the extent to which the model dependence of the data analysis used by the two groups affects our comparisons. We find that the difference is not significant for our tests.
It is now convenient to introduce the notation used in the experimental data tables. The electromagnetic multipoles are given in terms of our multipole amplitudes:
where [7] We now consider each partial wave and insert the resonance couplings for nearby I = , respectively. They are related for L ≥ 1 by [Ref. [24] , Eq. (25)]:
These should be regarded as eight equations, two for each of the four possible pion photoproduction reactions. This is sufficient to obtain Eqs. (4.3) and (4.4).
The Walker helicity elements can be then be written in terms of helicity amplitudes 
where β refers to the initial isospin of the γN system (and therefore subsumes a ClebschGordan coefficient when one refers to a specific nucleon charge state). k γ and k π are the c.m.
3-momenta of the photon and pion, respectively. M N and M R are the nucleon and resonance masses, and Γ π and Γ are the pionic and total widths of the resonance, respectively. 
